AT 2

Karlsruhe Institute of Technology High Performance Humanoid Technologies

Robotics I: Introduction to Robotics
Exercise 2: Kinematics

Tilman Daab, Tamim Asfour https://www.humanoids.kit.edu

KIT — The Research University in the Helmholtz Association www.Kit.edu



Task 6 & 7 From Exercise 01 .k\!(IT

Karlsruhe Institute of Technology

@ Brief summary
(see slides of previous exercise for full version)

&
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Exercise 6: Quaternions S!(IT

Karlsruhe Institute of Technology

Show that the space of unit quaternions S3 is a subgroup of the quaternions H.
Remark: G is a group (G, -) if and only if:

1. Closedw.rt.(-):Va,beG:a-beEG

2. Associativity: Va,b,c€ G:(a-b)-c=a-(b:c)

3. ldentityelement:de € G :VaeEG:e-a=a-e=a

4. Inverseelement:Va€e€G:3a l:a-al=e

&
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Exercise 6.1: Closure (Tricky) .}\!(IT

Karlsruhe Institute of Technology

1. Closedw.rt.(:):Va,beG:a-beEG

va,beS3:a-beS3

la- bl|* =

&
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Exercise 6.1: Closure (Tricky)
1. Closedw.rt.(:):Va,beG:a-beEG

va,beS3:a-beS3

lla - blI* = |l(ao, a1, az, as) - (b, by, by, b3)|I?

= asbs + a5b3 + a?bs + aib3
+a§b2 + a%bz + a1b2 + a0b2

ashi + ash? + atbh? +a b1
+ a%bo + a%bo + a%bo + adb}
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Exercise 6.1: Closure (Tricky) S!(IT

Karlsruhe Institute of Technology

1. Closedw.rt.(:):Va,beG:a-beEG
Va,beS3:a-beS3
lla- bll* = lI(aq, a1, az, as) - (bo, by, bz, b)I?
= b5 - llall® + b3 - llall* + b - llall* + b5~ ||all®
= (b3 + bz + b{ + b5) - llall®

=Ibll* - llall* =1-1=1

&
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Exercise 6.2 & 6.3: Associativity and Identity Element -K\!(IT

Karlsruhe Institute of Technology

2. Associativity: Va,b,c€G:(a-b)-c=a-(b:c)

3. ldentityelement:de € G :VaeEG:e-a=a-e=a

&
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Exercise 6.2 & 6.3: Associativity and Identity Element -K\!(IT

Karlsruhe Institute of Technology
2. Associativity: Va,b,c€G:(a-b)-c=a-(b:c)

Unit quaternions are a subset of quaternions. Multiplications of quaternions are
associative.

3. ldentityelement:de € G :VaeEG:e-a=a-e=a

The identity elementis e = (1,0, 0, 0).
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Exercise 6.4: Inverse Element .k\!(IT

Karlsruhe Institute of Technology

4. Inverseelement:Va€G:3al:a-al=e

qeS3=>qles?

&
Robotics I: Introduction to Robotics | Exercise 02 H2T



Exercise 6.4: Inverse Element

4. Inverseelement:Va € G :3a1:a-a71

qeS3=>qles?

2

*

—1”2 — q
llqll?

lq

2

a
1
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Exercise 7: Rotations and Machine Learning .k\!(IT

Karlsruhe Institute of Technology

Rotations as input and output of learned models

1. Compare the representations of rotations as
« Euler angles,
e Quaternions, and
» Rotation matrices
with respect to how suitable they are as the output of a machine learning approach (e.g., neural

networks)
2. A neural network, which has been trained to output rotation matrices, yields the matrix A:
06 0.1 0.1
A=(05 09 0.5
0.1 0.0 0.7

Determine a rotation matrix R that is as “close” to A as possible.

&
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Exercise 7.1: Euler Angles and ML

Euler angles: a, 8,y € [0, 2r]
Rotation around three axes (several conventions)

0 Minimal representation for 3 Degree of Freedom
@ All values are valid, even beyond the intervall [0, 27]

@ Multi-coverage LT

A rotation can be describes by multiple tupels a, B,y
(e.g., Gimbal lock)

Q Not continuous
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Exercise 7.1: Quaternions and ML .k\!(IT

Karlsruhe Institute of Technology

S3={qe H||q)I* =1}

o D
q= (cos—, a-sm—)

2 2
@ Easy to normalize pPEM, peS3: q=ﬁ€53
6 Local interpolation is linear:
SLERP( 0 = sin(1—1t)6 N sint@
d1,92,1) = Sin o qd1 Sin 6 qz

(©) Representation is not minimal: 1 redundant value (]|q]|? = 1)
Q Double coverage: Each rotation can be described by two different unit quaternions

&
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Exercise 7.1: Rotation Matrices and ML

cosa —sina 0
R,,=|sina cosa O

0 0 1

Single coverage:
A rotation corresponds to exactly one rotation matrix

e Local interpolationis linear: sina = a, cosa = 1, for very small «

Normalization is possible, but complex
=» Gram-Schmidt, QR decomposition, SVD

e Highly redundant representation: 6 redundant values
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Exercise 7.2: Rotation Matrices and ML S!(IT

Karlsruhe Institute of Technology

A neural network, which has been trained to output rotation matrices, yields the matrix A:

06 0.1 0.1
A=105 09 05
0.1 0.0 0.7

Determine a rotation matrix R that is as “close” to A as possible.

D
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Exercise 7.2: Gram-Schmidt Orthogonalization Q(IT

Karlsruhe Institute of Technology

® Orthogonalization
® Given: Linearly independent vectors wy, ..., w;
® Unknown: Pairwise orthogonal vectors vy, ..., V3 that span the same subspace

® Gram-Schmidt

a 1]1 = W1
_ V1-W3
.UZ_WZ—U'U.Ul V.
1°'V1 /’ .
_ V1-W3 Ua'W3
a U3 —_— W3 - - ° Vl - Uy Uy ° Vz

® Projection on previous vectors
@ Subtract the projected part

&
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Exercise 7.2: Gram-Schmidt Orthogonalization .k\!(IT

Karlsruhe Institute of Technology

® Orthogonalization
® Given: Linearly independent vectors wy, ..., w;
® Unknown: Pairwise orthogonal vectors vy, ..., V3 that span the same subspace

® Gram-Schmidt

0.6
a Ve =W = (05)
0.1

| —0.394
Ry, =w, -2 2.9 ~| 0.489

i —0.082 P
. o —0.122 N
a = —_ 1 3. —_ 2’ 3. =~

® Projection on previous vectors
@ Subtract the projected part

&
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Exercise 7.2: Normalization

Normalization:

) . (06 0.762
_ Y1 ) ~
e) = b~ 7= 0.5 0.635

0.1 0.127
s ) —0.394 —0.622
=i~ (0309 ) <0772 )
”y ) —0.122 —0.179
o =g (0013 ) (0o
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Exercise 7.2: Result

® |nput:

® Orthonormal basis vectors:

g

® Rotation matrix:

R

A

0.762
0.635
0.127

(
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0.6 0.1 0.1
=<O.5 0.9 O.5>

0.1 0.0 0.7

~0.179
,es=| 0019
0.984

ol

—0.622
0.772
—0.129

0.762 —0.622
0.635 0.772
0.127 —-0.129

—0.179
0.019
0.984
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Python for Next Exercises ﬂ(IT

Karlsruhe Institute of Technology

@ Install python (> 3.6) and an IDE

® E.g., PyCharm Community Edition (Linux/Windows/macOS)
https://www.jetbrains.com/pycharm/download#community-edition

® Robotics Toolbox (Peter Corke)
® https://github.com/petercorke/robotics-toolbox-python

® Install via git repository or, recommended, via PyPI:
pip3 install roboticstoolbox-python[collision]

® Give it a try: Solve exercise sheet 1 in python

&
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https://www.jetbrains.com/pycharm/download#community-edition
https://github.com/petercorke/robotics-toolbox-python

Exercise 1: Transformations .k\!(IT

Karlsruhe Institute of Technology

® Robot with root pose, basis coordinate system, target pose

robot

yi

4 root y
1 BCS

3 X

T

Y x

&
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Exercise 1.1: Interpretation of a Pose Q(IT

Karlsruhe Institute of Technology

B Let theinitial root pose of a robot, described in the BCS, be given as

describe?

1. Which transformation does BT

2. At which position is the robot’s root located?
Draw the position in the BCS.

root

&
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Exercise 1.1 (i): Interpretation of a Pose

1 1
—v3 —— 0 3
/2 \/— 2
1 1
BCSTroot = E E\/§ 0O O
\ 0 0 1 0
0 0 0 1

Transformation described by 8T .

* Translation by 3 along x-axis
* Rotation around z-axis, by 30°

23 Robotics I: Introduction to Robotics | Exercise 02
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« 0° 30° 60° 90°
sin(fa) 0 4 “/Ti 1
cos(ar) 1 § : 0




Exercise 1.1 (ii): Interpretation of a Pose .}\!(IT

Karlsruhe Institute of Technology

® Robot position: (3,0,0)T

y i
4

™

al

Y x

&
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Exercise 1.1 (iv): Interpretation of a Pose ﬂ(IT

Karlsruhe Institute of Technology

B Vectors (in the robot’s root coordinate system):

0 X
Vx root = 0], Uy root = @), Uz root = 0], Vo,root =
0 0 1 ¢
)4

&
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Exercise 1.1 (iv): Interpretation of a Pose .}\!(IT

Karlsruhe Institute of Technology

B Vectors (in the robot’s root coordinate system):

1 0 0 0
Ux,root = <O>: Vy root = <1>; Vzroot = <0>; Vo,root = <0>
0 0 1 0

B Vectors (in the BCS):

BCS
Troot * Uroot

Vpcs =

&
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Exercise 1.1 (iv): Interpretation of a Pose .}\!(IT

Karlsruhe Institute of Technology

B Vectors (in the robot’s root coordinate system):

1 0 0 0
Ux,root = <O>: Vy root = <1>; Vzroot = <O>; Vo,root = <0>
0 0 1 0

B Vectors (in the BCS):

BCST

Vpcs = root " Vroot
V3 -2 0 3\ 4 3+-43 31103
1 1 0 1 2
A I PY 1 S (RN, R etc
0 0 1 0f \y 0 0
0 0 0 1 1

&
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Exercise 1.1 (iv): Interpretation of a Pose

B Vectors (in the robot’s root coordinate system):

Vx root = (
0

0
B Vectors (in the BCS):

_ BCS
Vpcs = Troot * Vroot
1 5
3+-43 2
2 2
Ux,Bcs = 1 v Vypes = | L1y3 ) Vzmes = (
2 2
0 0
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1 0 0 0
O), Uy root = <1>/ Uz root = (0), Vo,root = <0>
1 0



Exercise 1.1 (iv): Interpretation of a Pose .}\!(IT

Karlsruhe Institute of Technology

BCST

® Robot root pose root

y i
4

™

al

&
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Exercise 1.2 (i): Conversion Between Coordinate Systems -\.\!(IT

Karlsruhe Institute of Technology

W Target pose BCSTtarget

BCST _
target_
- 0 —1 0| 3++/3
al 1 0 0 1
J 00 1 0
0 0 0 1

2 _ita rget
i N\

7 6 5 -4 3 =2 4 0 1 2 3 4 5 6 7 x-axis of target:
root in y-direction of BCS

] (e 9 0-0

&
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Exercise 1.2 (ii): Conversion Between Coordinate Systems -\.\!(IT

Karlsruhe Institute of Technology

W Target pose in the robot’s root coordinate system
® Searched: " Tyq, ger ,_l)target
. . BCS root _ BCS
® Known relation: Troot * Ttarget - Ttarget 5§
root

&
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Exercise 1.2 (ii): Conversion Between Coordinate Systems Q(IT

Karlsruhe Institute of Technology

W Target pose in the robot’s root coordinate system
® Searched: " Tyq, ger ,_l)target
. . BCS root _ BCS
® Known relation: Troot * Ttarget - Ttarget 5§
root

root __ (BCS -1 Bcs
Aad Ttarget - ( Troot) ’ Ttarget

o

&
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Exercise 1.2 (ii): Conversion Between Coordinate Systems &(IT

Karlsruhe Institute of Technology

lta rget

(R t\"' _(RT —RTt
Remlnder.(0 1) —<0 1)

T —~— 3 3’ 4 5 6
-Vv3 —= 0/ 3 -3
2\/— > 2\/— root
-1 1 1 3
(BCSTroot) = E E\/g 0y 0O E
0 0 11)) 0 0
N0 0 1 1
I~ -

&
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Exercise 1.2 (ii): Conversion Between Coordinate Systems &(IT

Karlsruhe Institute of Technology

root __ (BCS —1 pcs
Ttarget - ( Troot) ) Ttarget

—

1 1 3
2V3 3 0 =33\ /0 1 0 3443
11 3 1 0 O 1
= -5 ;v3 0
0O O 1 0
0 0 1 0 0 0 0 1
0 0 0 1
1 1 3 3 1 3 1 1
— —— — -4 = —— — —— 2
> Zx/§ 0 2\/§+2+2 2\/§ > 2\/§ 0 (\
|1 1 3 1 1 3 _ 11 1
E\/g E 0 —E—E\/g+§\/§+z E\/§ E ol O
0 0 1 0 0 1
0 0 0 1 0 0 0 1

&
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Exercise 1.2 (ii): Conversion Between Coordinate Systems -\.\!(IT

Karlsruhe Institute of Technology

root __ (BCS -1 p¢s
Ttarget - ( Troot) ) Ttarget

33 /

1 1
V3 5 0 0 -1 0 3++3
11 3 1 0 O 1
— ~ JV3 0
0O 0 1 0
0 0 1 0 0 0 0 1
0 0 0 1
1 1 3 3 1 3 1 1 —)
e ZV3+2 422 e 2
> Zx/§ 0 2\/§+2+2 2\/§ > 2\/5 0
HE! 1 3 1 1 3| |1 1
ZACHEEE B A CR A ER Sl B AR S
0 0 0 0 0 1 |0
0 0 0 1 0 0 0 1/

&
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Exercise 1.2 (iii): Conversion Between Coordinate Systems S(IT

Karlsruhe Institute of Technology

® Robot root pose in the target’s coordinate system
® Searched: "*"9°'T,. . ._l{farget
® Known relation: Bcsb‘}oot BCSTroot B
root

target BCS —1 . BCS
< Troot = ( Ttarget) Troot

&
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Exercise 1.2 (iii): Conversion Between Coordinate Systems S(IT

Karlsruhe Institute of Technology

® Robot root pose in the target’s coordinate system
® Searched: ““"9°'T, . ) ,I)target
@ Known relation: BCSTtarget - targetTroot BCSTroot y:, 15, -
root

target _ (BCS —1 . BCS
< Troot—( Ttarget) Troot

1 1

= -v3 0
2 2\/_

1 1

2 2

0 0 1
0 0 0

&
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Small Exercise ﬂ(IT

Karlsruhe Institute of Technology

starting point. , “g\t
. BCS arge BCS
Could we alternatively have used ™ ""Ti gt - Troot = “Troot?

target
a) Yes, 9T, and "% T, 40 are the same.

b) Yes, together with TOOtTmrget (mr‘get mot)"‘

.
c) Yes, together with "%'T; ;. por = (targetTmot).__,,

d) No, these equations describe completely different situations.

&
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Small Exercise ﬂ(IT

Karlsruhe Institute of Technology

d BCS

® To calculate TOOtTtarget: We use Troot * rOOtTtarget — BCSTtarget asad

starting point.

: target
Could we alternatively have used BCSTmrget L rargetr

— BCS
root — T

TOOt

target
a) Yes, 9T, and "% T, 40 are the same.

(target

b) Yes, together with ”’“Twrget = root)

(target

c) Yes, together with T"OtTmrget = Troot)

d) No, these equations describe completely different situations.

&
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Small Exercise .k\!(IT

Karlsruhe Institute of Technology

1 1 -1 1 1 1 3
S V3 0 -1 = —=V3 0 S+=
2 2\/_ 2 2\/_ 2+2
target -1 1 1 1 1 1 1
T, =l -=vV3 = 0 V3| =|=V3 = 0 =V3-243
( root) 2\/_ > \/_ 2\/_ 2 2\/_ 2\/_
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
1 1
> —E\/g 0 2
1 1
= E\/g > 0 0| ="%"T,4,ger as previously calculated
0 0 1 0
0 0 0 1

&
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Exercise 1.3 (i): Local and Global Transformation S!(IT

Karlsruhe Institute of Technology

® Transformation T corresponding to 60° rotation around z-axis:

1 1
———300\
/2 2\/_
1 1
T=1=43 — 0 0
2\/_ 2
\o 0 10/
0 0 0 1

« 0° 30° 60° 90°
sin(fa) 0 4 “/Ti 1
cos(ar) 1 § : 0

D
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Exercise 1.3 (ii-iv): Local and Global Transformation .}\!(IT

Karlsruhe Institute of Technology

® Application from the left and from the right:

BCS BCS
T- Troot Troot * T
44 4
31 | 3
21 2 A
S 1 5 1-
| \_- ] j/
= =
-1 —1
-2 -2
-3 =3
—Iﬁ —|4 —I2 (I) 2I =Il EI; —|6 —|4 —I2 ll) 2I ;I é
X position X position

D
42 Robotics I: Introduction to Robotics | Exercise 02 H2T



Exercise 1.3 (ii-iv): Local and Global Transformation ﬂ(IT

Karlsruhe Institute of Technology

® Application from the left and from the right:

T BCSTroot BCSTroot - T
4 4
) I N R - y
2 2 4
£ 2 11
- i, N\
o N
2 -2
_3 -3
—|6 —|4 —I2 (I) 2I =II EI> —|6 —|4 —I2 ll) 2I ;I é
X position X position
Global transformation Local transformation

D
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DH Transformation Matrices (1) Q(IT

Karlsruhe Institute of Technology

Transformation from LCS;_, to LCS;

1. Arotation 6; around the Zi_q cosf —sind 0 0
Z;_,-axis so that the x;_,-axis Vi_q sinf.  cosB 0 0
is parallel to the x;-axis. - R, _,(8) = l '
P i X;_1 EL_/V Zi-1 7L 0 0 1 0
i 0 0 0 1
2. Atranslation d; along the +Z;_4
Z;_1-axis to the point where L, e
Z;_41 and x; intersect. S, 1 0 0 O
di| 42, ro@y=[° 10 0
' Zi—1 0 0 1 d;
0O 0 0 1

x.
LCS;: Local Coordinate System of joint i l

D
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DH Transformation Matrices (2) Q(IT

Karlsruhe Institute of Technology

Transformation from LCS;_, to LCS;

3. Atranslation g; along the

x;-axis to align the origins T 1 0 0 g
of the coordinate systems. - T. (a;) = 01 0 O
Sa X Nl 00100
a; .
4.  Arotation a; around the » 0 001
x;-axis to convert the '
Z;_4-axis into the z;-axis.
a; 4 47 1 0 0 0
' 0 cosa; —sina; O
. - v Ry.(a;) = l i
Zi i (1) 0 sina; cosa; O
X; 0 0 0 1

LCS;: Local Coordinate System of joint i

&
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DH Transformation Matrices (3)

Transformation from LCS;_ to LCS;

Aj_q
[cos 0;
sin 91'
0

L0

Robotics I: Introduction to Robotics | Exercise 02

—sin f; - cos q;
cosB; - cos q;
sin a;

0

R, . (8;)- T, . (d;)- Tx,(a;) - Ry, (a;)

sin @; - sin q;
— cos 6; - sin q;
COS ;

0

AT

Karlsruhe Institute of Technology

a; - cos b;]
a; - sin 6;
d;

1 |




Exercise 2.1 (i): DH Transformation .}\!(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 0°,d; = 60 mm,a; = 0 mm, a; = 180°
® Rotation around z,-axis by 8; = 0°:

X0

A
Yo 0

&
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Exercise 2.1 (i): DH Transformation Q(IT

Karlsruhe Institute of Technology

® DH parameters: 1 = 0°,d; = 60 mm,a; = 0 mm, a; = 180°
® Rotation around z,-axis by 8; = 0°:

A
Yo 0

&
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Exercise 2.1 (i): DH Transformation Q(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 0°,d; = 60 mm,a; = 0 mm, a; = 180°

® Translation along zjy-axis by d; = 60 mm:
20 ey

Xo e d; = 60 mm

&
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Exercise 2.1 (i): DH Transformation ﬂ(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 0°,d; = 60 mm,a; = 0 mm, a; = 180°
@ Translation along x4 -axis by a; = 0 mm:

&
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Exercise 2.1 (i): DH Transformation ﬂ(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 0°,d; = 60 mm,a; = 0 mm, a; = 180°
@ Rotation around x;-axis by a; = 180°:

d; = 60 mm

VA
Y1 1

&
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Exercise 2.1 (i): DH Transformation Q(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 0°,d; = 60 mm,a; = 0 mm, a; = 180°
W Rotation around x;-axis by a; = 180°:

d; = 60 mm

&
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Exercise 2.1 (ii): DH Transformation .}\!(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 90°,d; = —30 mm, a; = 60 mm, a; = —90°
Zg
Yo
X0

&
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Exercise 2.1 (ii): DH Transformation ﬂ(IT

Karlsruhe Institute of Technology

® DH parameters: 1 = 90°,d; = —30 mm, a; = 60 mm, a; = —90°
@ Rotation around z,-axis by 8; = 90°:
Zg
Sy AL
>/o ‘\ Yo
X0

&
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Exercise 2.1 (ii): DH Transformation ﬂ(IT

Karlsruhe Institute of Technology

® DH parameters: 1 = 90°,d; = —30 mm, a; = 60 mm, a; = —90°

@ Rotation around z,-axis by 8; = 90°:
Zg

6, = 90°
y(’)\“lp/ X

&
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Exercise 2.1 (ii): DH Transformation Q(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 90°,d; = —30 mm, a; = 60 mm, a; = —90°
® Translation along zy-axis by d; = —30 mm:
Zy

y(’)\l/ X

&
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Exercise 2.1 (ii): DH Transformation ﬂ(IT

Karlsruhe Institute of Technology

@ DH parameters: 8; = 90°,d; = —30 mm, a; = 60 mm, a; = —90°
® Translation along zy-axis by d; = —30 mm:
Z(’)Ak
y(’)\/ X4
d; = —30 mm
Zo'\
y(’)’\/ Xy

&
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Exercise 2.1 (ii): DH Transformation ﬂ(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 90°,d; = —30 mm, a; = 60 mm, a; = —90°
@ Translation along x;-axis by a; = 60 mm:
Z(’)Ak

yé\/ X0

Zy

A

144
Yo \/x(’)’ = x4

&
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Exercise 2.1 (ii): DH Transformation Q(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 90°,d; = —30 mm, a; = 60 mm, a; = —90°
@ Translation along x;-axis by a; = 60 mm:
Z(’)u 144

&
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Exercise 2.1 (ii): DH Transformation ﬂ(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 90°,d; = —30 mm, a; = 60 mm, a; = —90°
@ Rotation around x;-axis by a; = —90°:
Zo, "

&
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Exercise 2.1 (ii): DH Transformation Q(IT

Karlsruhe Institute of Technology

® DH parameters: 8; = 90°,d; = —30 mm, a; = 60 mm, a; = —90°
@ Rotation around x;-axis by a; = —90°:
Zg

&
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Exercise 2.2: DH Parameters Q(IT

Karlsruhe Institute of Technology

@ Determine the DH parameters

500mm

&
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Summary: Determination of the DH Parameters ﬂ(IT

Karlsruhe Institute of Technology

Sketch of the manipulator

ldentify and enumerate the joints (1, ..., last link = n)
Draw the axes z;_; for each joint i

Determine the parameters a; between z;_;and z;

Draw the x;—axes

Determine the parameters «; (twist around the x;-axes)
Determine the parameters d; (link offset)

Determine the angles 6; around the z;_;-axes

Compose the joint transformation matrices 4;_ ;

O X N O U AE WD e

&
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Exercise 2.2: DH Parameters ﬂ(IT

Karlsruhe Institute of Technology

1.  Sketch of the manipulator

Yo

Xo

&
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Exercise 2.2: DH Parameters Q(IT

Karlsruhe Institute of Technology

1.  Sketch of the manipulator

2. ldentify and enumerate the joints (1, ...,
last link = n)

Joint 2
Eoo‘... ..' JOlnt 3
Zy
Joint 1 Yo
Xo

&
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Exercise 2.2: DH Parameters

Z; runs along the joint axis i + 1
/"

Joint 2
\ / Joint 3
2 4 S D

Zy
Joint 1 Yo

Xo

66 Robotics I: Introduction to Robotics | Exercise 02

AT

Karlsruhe Institute of Technology

Sketch of the manipulator

Identify and enumerate the joints (1, ...,
last link = n)

Draw the axes z;_ for each joint i



Exercise 2.2: DH Parameters

x; lies along the normal of z;_; and z;

(cross product) vX\B/ Z,

@
e

Joint 2
<<Z/V Joint 3

Zo
Joint 1 Yo

Xo
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AT

Karlsruhe Institute of Technology

Sketch of the manipulator

Identify and enumerate the joints (1, ...,
last link = n)

Draw the axes z;_ for each joint i

Draw the x;—axes



Exercise 2.2: DH Parameters

v; to get right-handed orthonormal

coordinate systems €<\23

Y3

Joint 3

Joint 1 Yo

Xo
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AT

Karlsruhe Institute of Technology

Sketch of the manipulator

Identify and enumerate the joints (1, ...,
last link = n)

Draw the axes z;_ for each joint i

Draw the x;—axes



Exercise 2.2: DH Parameters ﬂ(IT

Karlsruhe Institute of Technology

4.  Determine the parameters a; between
Z;_1and z;

6. Determine the parameters «; (twist
around the x;-axes)

7. Determine the parameters d; (link offset)

8. Determine the angles 6; around the z;_;-
axes

&
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Exercise 2.2: DH Parameters S(IT

Karlsruhe Institute of Technology

Joint angle 0, is the angle from x;_4 to

X
\3<23 x; around z;_4

Y3
wl ) S | 9 | 4 | ala
: L/ 7 Jointl  90°+ 6,
s x X2 .
Z :
1 2 Joint2 90°+ 6,
Yo :
Zo Joint 3 0°
Yo

A 3
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71

Exercise 2.2: DH Parameters

Robotics I: Introduction to Robotics | Exercise 02

AT

Karlsruhe Institute of Technology

IS the distance between
X;_1-axis and x; -axis along the z;_;-axis

Jointl 90°+4+6; 500 mm
Joint2 90°+4+6, 200 mm

Joint 3 0° 250 mm + x

- H2T



Exercise 2.2: DH Parameters

Y1
Xy
Xo
Z, ° Z,
Z, Yo
Yo
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AT

Karlsruhe Institute of Technology

Link length a; of an arm element i
describes the distance from z;_; to z;

along x;
Jointl 90°4+6; 500mm Omm
Joint2 90°+6, 200mm O mm

Joint 3 0° 250 mm +x 0 mm



Exercise 2.2: DH Parameters ﬂ(IT

Karlsruhe Institute of Technology

describes the angle from

X3 Z
\< ? Z;_4 to z; around x;

X | 0 | 4l ala

Jointl 90°4+6; 500mm Omm 90°
Joint2 90°4+6, 200mm Omm 90°

Joint 3 0° 250mm+x Omm O0°

&
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Exercise 3: Crane S!(IT

Karlsruhe Institute of Technology

The crane can rotate by 360° and has a height of 20 m
between ground and crane boom. The crane boom is
15 m long. The trolley stops 2 m away from the

rotation axis. The hook can be lowered until reading the
ground.

1. Determine the DH parameters of the crane and the
resulting transformation matrix of the end effector.

2. Determine the Jacobian matrix of the end effector.

3. Determine the end effector velocities. https://thenounproject.com/term/

crane/2225/
mirrored (CC Attribution 3.0)

&
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https://thenounproject.com/term/crane/2225/

Exercise 3.1: DH Parameters of the Crane .k\!(IT

Karlsruhe Institute of Technology

“ZO

<yo

X0

&
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Exercise 3.1: DH Parameters of the Crane ﬂ(IT

Karlsruhe Institute of Technology

| Joint 3

“ZOJoint 1

<yo

X0

&
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Exercise 3.1: DH Parameters of the Crane ﬂ(IT

Karlsruhe Institute of Technology

~Joint 2

| Joint 3

"ZZ

“ZOJoint 1

<YO Z3

X0

&
77 Robotics I: Introduction to Robotics | Exercise 02 H2T



Exercise 3.1: DH Parameters of the Crane &(IT

Karlsruhe Institute of Technology

Joint 3

“ZOJoint 1

<YO Z3

X0

&
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Exercise 3.1: DH Parameters of the Crane

A

‘ZOJoint 1

79

<yo

X0

VZ3

V2

VZZ

Y3

X2

Joint 3

X3

Robotics I: Introduction to Robotics | Exercise 02

AT

Karlsruhe Institute of Technology



Exercise 3.1: DH Parameters of the Crane

y

AZO

80

X0

Robotics I: Introduction to Robotics | Exercise 02

AT

Karlsruhe Institute of Technology

Joint 1
Joint 2
Joint 3



Exercise 3.1: DH Parameters of the Crane

y

81
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AT

Karlsruhe Institute of Technology

Joint 1 6, +90°
Joint 2
Joint 3



Exercise 3.1: DH Parameters of the Crane ﬂ(IT

y

82

Karlsruhe Institute of Technology

Joint 1 6, +90°

Joint 2
o <x2 Joint 3
l Y2
Zy
<x3
Y3
"Z3

&
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Exercise 3.1:

A

V1
X1
Z]_*\‘ ~~~~~~~ 2 " d2 < 15 m
¥ames L <x2
o
yZ
Yz,

83

Robotics I: Introduction to Robotics | Exercise 02

DH Parameters of the Crane ﬂ(IT

Karlsruhe Institute of Technology

Joint 1 6, +90° 20 m
Joint 2 0° 2m<d, <15m
Joint 3



Exercise 3.1:

A

V1
X1
Z]_*\‘ ~~~~~~~ 2 " d2 < 15 m
¥ames L gﬂ
hom
%)
Yz,

84

Robotics I: Introduction to Robotics | Exercise 02

DH Parameters of the Crane ﬂ(IT

Karlsruhe Institute of Technology

Joint 1 6, +90° 20 m
Joint 2 0° 2m<d, <15m Om 90°
Joint 3



Exercise 3.1: DH Parameters of the Crane

A

B4!

85

di =20m

AZO - Z(’)

<3’0 = X,
Xo

Robotics I: Introduction to Robotics | Exercise 02

"Zz

VZ3

<x2 Joint 3 0°

V2

Y3

AT

Karlsruhe Institute of Technology

Joint 1 6, +90° 20 m
Joint 2 0° 2m<d,<15m Om 90°

Om<d; <20m

Om<d;<20m

<x3



Exercise 3.1: DH Parameters of the Crane

A

B4!

86

di =20m

AZO - Z(’)

<3’0 = X,
Xo

Robotics I: Introduction to Robotics | Exercise 02

"Zz

VZ3

<x2 Joint 3 0°

V2

Y3

AT

Karlsruhe Institute of Technology

Joint 1 6, +90° 20 m
Joint 2 0° 2m<d,<15m Om 90°

Om<d;<20m Om 0°

Om<d;<20m

<x3



Exercise 3.1: Transformation Matrix of the Crane ﬂ(IT

Karlsruhe Institute of Technology

Joint 1 6, +90° 20 m
Joint 2 0° 2m<d,<15m Om 90°
Joint 3 0° Om<d;<20m Om 0°

&
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AT

Karlsruhe Institute of Technology

DH Transformation Matrices

® Transformation from LCS;_, to LCS;

Ai_1i=Ry_(6;) T, _ (d;)- Ty, (a;)  Ry(a;) =

‘cosf; —sin6;-cosa; sin@;-sina; a;-cos6;
__|sinf; cosfO; -cosa; —cosO;-sina; a;-sinb;
B 0 sin a; COS @ d;

L0 0 0 1 .
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Exercise 3.1: Transformation Matrix of the Crane ﬂ(IT

Karlsruhe Institute of Technology

Joint 1 0, +90° 20 m
Joint 2 0° 2m<d,<15m Om 90°
Joint 3 0° Om<d;<20m Om 0°

cos(6, +90°) 0 sin(6; +90°) 0

T — sin(64 +90°) 0 —cos(f;+90°) O
o 0 1 0 20
0

0 0 1

&
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90

Exercise 3.1: Transformation Matrix of the Crane ﬂ(IT

Robotics I: Introduction to Robotics | Exercise 02

Karlsruhe Institute of Technology

Joint 1 6, +90° 20 m
Joint 2 0° 2m<d,<15m Om 90°
Joint 3 0° Om<d;<20m Om 0°
cos(6, +90°) 0 sin(6; +90°) 0
T — sin(64 +90°) 0 —cos(f;+90°) O
o 0 1 0 20
0 0 0 1
1 0 0 O
T — 0 0 -1 0
L2710 1 0 4,
0 0 0 1



91

Exercise 3.1: Transformation Matrix of the Crane S(IT

Robotics I: Introduction to Robotics | Exercise 02

Karlsruhe Institute of Technology

Joint 1 6, +90° 20 m
Joint 2 0° 2m<d,<15m Om 90°
Joint 3 0° Om<d;<20m Om 0°
cos(f; +90°) 0 sin(6; +90°) 0
T = sin(6; +90°) 0 —cos(6; +90°) O
o 0 1 0 20
0 0 0 1
1 0 0 O 1 0 0 O
T 0 0 -1 0 T 01 0 O
L2=lo 1 0o d, 23710 0 1 ds
0 0 0 1 0 0 0 1



Exercise 3.1: Transformation Matrix of the Crane .}\!(IT

Karlsruhe Institute of Technology

To,3 — To,1 : T1,2 : T2,3

&
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Exercise 3.1: Transformation Matrix of the Crane S!(IT

Karlsruhe Institute of Technology

To,3 — To,1 : T1,2 : T2,3

cos(f; +90°)  sin(64 + 90°) 0 sin(6; + 90°) d,
sin(8; +90°) —cos(6; +90°) 0O —cos(6;+90°)d,
0 0 —1 20
0 0 0 1

133

&
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Exercise 3.1: Transformation Matrix of the Crane S!(IT

Karlsruhe Institute of Technology

To,3 — To,1 : T1,2 : T2,3

cos(f; +90°)  sin(64 + 90°) 0 sin(6; + 90°) d,
sin(8; +90°) —cos(6; +90°) 0O —cos(6;+90°)d,
0 0 —1 20
0 0 0 1

133

cos(0; +90°)  sin(6; + 90°) 0 sin(6; +90°) d,
sin(6; + 90°) —cos(f;+90°) 0 —cos(6;+90°)d,
0 0 —1 —ds + 20
0 0 0 1

&
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Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

Karlsruhe Institute of Technology

cos(6; +90°)  sin(8; +90°) 0  sin(8; +90°)d,
sin(6; + 90°) —cos(f; +90°) 0O —cos(8; +90°)d,
0 0 —1 —d; + 20
0 0 0 1

To,3 —

® Determine the Jacobian matrix J.

&
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Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

Karlsruhe Institute of Technology

cos(6; +90°)  sin(8; +90°) 0  sin(8; +90°)d,
sin(6; + 90°) —cos(f; +90°) 0O —cos(8; +90°)d,
0 0 —1 —d; + 20
0 0 0 1

To,3 —

® Determine the Jacobian matrix J.
® Each column of the Jacobian matrix corresponds to a joint 8; of the kinematic chain

— ﬁ ﬁ 6Xn
(L Len

&
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Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

Karlsruhe Institute of Technology

cos(6; +90°)  sin(8; +90°) 0  sin(8; +90°)d,
sin(6; + 90°) —cos(f; +90°) 0O —cos(8; +90°)d,
0 0 —1 —d; + 20
0 0 0 1

To,3 —

® Determine the Jacobian matrix J.
® Each column of the Jacobian matrix corresponds to a joint 8; of the kinematic chain

] = <ﬁ ﬁ) e RO*"

06, " 96,
P )
00, 0d, dds

&
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Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

Karlsruhe Institute of Technology
f(eli dZ» d3) = (X, v,z Q, ﬂr V)T

cos(6; +90°)  sin(8; +90°) 0 sin(6; +90°) d,
sin(8; +90°) —cos(f; +90°) 0 —cos(f;+90°)d,
0 0 —1 —ds + 20
0 0 0 1

&
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RPY Euler Angles .k\!(IT

“~-Isruhe Institute of Technology

o
Rs - RZ(]/) ) Ry (ﬁ) ’ Rx(a) o
- 8 a
COSX = CX a: approach f% W) b %‘;
SIEE = S n: normal 4, \[ -
0: orientation | _— O ‘n

Ny Oy Ay cy —-sy O cg 0 sp 1 0 0
ny 0y Ay | == Sy cy 0]- 0 1 0 {0 ca -sa
n, 0z d; 0 0 1 —S ,8 0 ¢ ,8 0 sa ca

cf-sy sa-sP-sy+ca-cy ca-sf-sy—sa-cy

(nx Oy ax) cf-cy sa-sf-cy —ca-sy sa-sy+ca-sf-cy
—sp sa-cf ca - cf

D
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Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

Karlsruhe Institute of Technology
f(eli dZ» d3) = (X, v,z Q, ﬂ) V)T

cos(6; +90°)  sin(8; + 90°) 0 sin(6; +90°) d,
sin(8; +90°) —cos(f; +90°) 0 —cos(f; +90°)d,

To. =
03 0 0 ~1 —d; + 20
0 0 0 1

x = sin(6, + 90°) d, N, 0y ay
y = —cos(6; +90°) d, (”y Oy ay) =
Z = _d3 + 20 ﬁ ﬁ Ny, 0z dg N ﬁ

— acin(— — A _ cf-cy sa-sf-cy —ca-sy sa-sy+ca-sp-cy
f = asin(=n,) = asin(0) = 0 cf-sy sa-sp-sy+ca-cy ca-sp-sy—sa-cy

—sp sa-cf ca-cf

&
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Exercise 3.2: Jacobian Matrix of the End Effector

f(elle»dB) = (X, Y,z Q, ﬂ) V)T

AT

Karlsruhe Institute of Technology

cos(6; +90°)  sin(8; +90°) 0 sin(6; +90°) d,

sin(8; +90°) —cos(f; +90°) 0 —cos(f;+90°)d,

T . =
03 0 0 ~1 —ds + 20
0 0 0 1

x = sin(6, + 90°) d, N, 0y ay
y = —cos(6; +90°) d, (”y Oy ay) =
Z = _d3 + 20 ﬁ ﬁ n, 0z a, N ﬁ

— ocin(— i _ cf-cy sa-sB-cy —ca-sy sa-sy+ca-sB-cy
f = asin(—n,) = asin(0) = 0 cf-sy sa-sp-sy+ca-cy ca-sf-sy—sa-cy
cos fsina =0, cosf cosa = —1 —sB sa-cB ca - cff

S>a=T

Robotics I: Introduction to Robotics | Exercise 02

H2T
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Exercise 3.2: Jacobian Matrix of the End Effector

f(elle»dB) = (X, Y,z Q, ﬂ) V)T

AT

Karlsruhe Institute of Technology

cos(6; +90°)  sin(8; + 90°) 0 sin(6; +90°) d,

sin(8; +90°) —cos(f; +90°) 0 —cos(f; +90°)d,

T.. =
03 0 0 ~1 —ds + 20
0 0 0 1
x = sin(6, + 90°) d, Ny 0y 0y
y = —cos(6; +90°) d, (ny Oy ay) =
z=—d;+ 20 Nz 0z 4
,B=asifl(—n)=asin(0)=0 cf-cy sa-sP-cy —ca-sy sa-sy+ca-sp-cy
d cf-sy sa-sp-sy+ca-cy ca-sf-sy—sa-cy
cos fsina =0, cosfcosa =—1 —sB sa-cB ca - cff
>a=T
. ny\ _ sin(61+90°)
y = atan (nx) = atan (cos(91+90°))

Robotics I: Introduction to Robotics | Exercise 02

H2T



104

Exercise 3.2: Jacobian Matrix of the End Effector

f(elle»dB) = (X, Y,z Q, ﬂ) V)T

AT

Karlsruhe Institute of Technology

cos(6, +90°)  sin(6; + 90°) 0 sin(6; + 90°) d,

sin(8; +90°) —cos(f; +90°) 0 —cos(f;+90°)d,

To~ =
03 0 0 ~1 —ds + 20
0 0 0 1
x = sin(6, + 90°) d, N, 0y ay
y = —cos(8; +90°)d, (le 0y ay> =
Z = _d3 + 20 ﬁ ﬁ n, 0z a, N ﬁ
— . _ — . — cb:-cy sa-sp-cy —ca-Ssy Ssa-Sy ca-sp -cy
f = asin(—n,) = asin(0) = 0 cf-sy sa-sp-sy+ca-cy ca-sf-sy—sa-cy
cos fsina =0, cosfcosa =—1 —sB sa-cB ca - cff
Sa=T1
y = atan (Z—y) = atan (%) = atan(tan(6; + 90°)) = 6, + 90°
X 1

Robotics I: Introduction to Robotics | Exercise 02

H2T



Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

Karlsruhe Institute of Technology

f(@l,dz,dg) = (X, Y, Z,Q, ,B, V)T

X = Sin(91 + 900) dz

y = —cos(8; +90°)d,

Z = —d3 + 20

F=0 of of of

=0 _ 6X3
y =61 +90° / 00; 0dd, 0dd; €R

&
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Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

Karlsruhe Institute of Technology

f(@l,dz,dg) = (X, Y, Z,Q, ,B, V)T

X = Sin(91 + 900) dz

y = —cos(8; +90°)d,

Z = —d3 + 20

P of of of

ﬁ —_ O — ( > € R6><3
Y = 6 +90° 1 =\G8, 4, o

of (ox dy 9z da 9f ay\
060, \06, 06,06, 96, 06, 06,

D
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Exercise 3.2: Jacobian Matrix of the End Effector

) o )
0—01 (X) = 0—01 (31n(81 + 90 ) dz)

0 0

70, (y) = 90, (—cos(6; +90°) d;)

d d
0—01(2) = 0—91(—613 + 20)

Robotics I: Introduction to Robotics | Exercise 02

AT

Karlsruhe Institute of Technology
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Exercise 3.2: Jacobian Matrix of the End Effector

) o )
0—01 (X) = 0—01 (31n(81 + 90 ) dz)

= cos(6; +90°) d,

0 0

70, (y) = 90, (—cos(6; +90°) d;)

= sin(8; +90°) d,

0 0
0—01(2) —0—01(—d3 +20) =0

Robotics I: Introduction to Robotics | Exercise 02

AT

Karlsruhe Institute of Technology



Exercise 3.2: Jacobian Matrix of the End Effector

(@) =2 @
36, " T 98, "
0 d
6_91('8)_6_91(0)
0 0
8_91()/)_6_91(01-'_90)
of _
960,

109 Robotics I: Introduction to Robotics | Exercise 02

AT

Karlsruhe Institute of Technology



Exercise 3.2: Jacobian Matrix of the End Effector

af

964

) 0
—(@)=-—7(@m =0

90, 90,
0 d
6_91('8) = 6_91(0) =0

0 0
8—81()/)—5—91(91"'90)—1

= (cos(6; + 90°) dy, sin(6; + 90°) d,,0,0,0,1)7

110 Robotics I: Introduction to Robotics | Exercise 02

AT

Karlsruhe Institute of Technology
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Exercise 3.2: Jacobian Matrix of the End Effector

0 0
— (x) = ——(sin(8; + 90°) d,)

ad, ad,
a()_a( (6; +90°) d,)
ad, >’ " ad, . oW 2

d d d d

a—dz(Z)—a—dz(a)—a—dz(ﬁ)—a—dz(V)

Robotics I: Introduction to Robotics | Exercise 02

AT

Karlsruhe Institute of Technology
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Exercise 3.2: Jacobian Matrix of the End Effector

0 o )
a_dz (X) = a_dz (Slﬂ(@l + 90 ) dz)

= sin(6; + 90°)

9] 0

34, (y) = ad, (—cos(6; +90°) d;)

— cos(64 + 90°)

d d d d
— () == (@) ==

dd, dd, dd., dd.,

Robotics I: Introduction to Robotics | Exercise 02

B)=@)=0

AT

Karlsruhe Institute of Technology



Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

Karlsruhe Institute of Technology

d d
a—d?’(Z) = O_d?,(_d?’ + 20)

9 9 d 9 9
S =3 0) = 3 @ = 5 () = 5 )

&
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Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

Karlsruhe Institute of Technology

d d
_ —_ (_ 2

=-1

d 0 0 d 9,
O_d?,(x) =6_d3(y) =a—d3(a) =6_d3('8) =6_dg(y) =0

&
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Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

P )
060, dd, dd;

&
115 Robotics I: Introduction to Robotics | Exercise 02 H2T



Exercise 3.2: Jacobian Matrix of the End Effector S!(IT

]:(af of af>6R6X3

00, 9d, dd,

/cos(é?l +90°)d, sin(6; +90°) 0 \
sin(6; +90°)d, —cos(6; + 90°)
J = 0 0 —1

0 0
V) o/
1 0

o O O

&
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Exercise 3.3: Velocity of the End Effector (1,1) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (90,10,10)",p, = (1,1, DT

&
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Exercise 3.3: Velocity of the End Effector (1,1) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (90,10,10)",p, = (1,1, DT

v, =J(q) - pq

&
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Exercise 3.3: Velocity of the End Effector (1,1) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (90,10,10)",p, = (1,1, DT

v, =J(q) - pq

sin(6; + 90°) - d, —cos(6; + 90°)

/cos(Hl +90°) -d, sin(6; + 90°) 0 \
0
0 —1

_o O O

0 0
0 0 /
0 0

&
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Exercise 3.3: Velocity of the End Effector (1,1) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (90,10,10)",p, = (1,1, DT

v, =J(q) - pq

sin(90° +90°) - 10 —cos(90° + 90°

/cos(90° +90°)-10 sin(90°+90°) 0 \
) O
0 0 —1

0 0 0
\ 0 0 0 /
1 0 0

&
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Exercise 3.3: Velocity of the End Effector (1,1) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

Robotics I: Introduction to Robotics | Exercise 02

q, = (90,10,10)",p, = (1,1, DT

v, =J(q) - pq

SO OOk O
I
—
~
_
N~

-0 O OO0 |-
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Exercise 3.3: Velocity of the End Effector (1,1) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

Robotics I: Introduction to Robotics | Exercise 02

q, = (90,10,10)",p, = (1,1, DT

v, =J(q1) - D1
10 0 0 ~10
0 1 0\ , 1
0 0 -1 =
0 0 0 <1> =1 o
o o o/ 0
1 0 0 1



Exercise 3.3: Velocity of the End Effector (1,2) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

CI1 = (90) 10; 1O)Tr pZ — (_11 _1; O)T

v, =J(q1) - P2

&
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Exercise 3.3: Velocity of the End Effector (1,2) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (90,10,10)",p, = (—-1,-1,0)7

v, =J(q1) ' D>
/—10 0 0
0 1 0
o 0o (j)
2= o0 0 o0
\ 0 0 0 0
1 0 0

&
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Exercise 3.3: Velocity of the End Effector (1,2) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (90,10,10)",p, = (—-1,-1,0)7

—81\ 1 0
y ) o

&
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v, =J(q1) - P2

10
(-1

_-0 O OO0 I
S O O O O



Exercise 3.3: Velocity of the End Effector (2,2) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (180,2,15)",p, = (—-1,-1,0)

v3 = J(q2) - P2

&
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Exercise 3.3: Velocity of the End Effector (2,2) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

qz — (180, 2,15)T,p2 — (_1,_1, 0)

v3 = J(q2) - P2

/cos(@l +90°)-d, sin(6; + 90°) 0 \
sin(6; +90°)-d, —cos(6;+90°) O
—1

v?,= 0

-0 O O
o O O

\ 0,

&
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Exercise 3.3: Velocity of the End Effector (2,2)

AT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

v?,=

/

\

qz - (180, 2,15)T,p2 — (_1,_1, 0)

v3 = J(q2) - P2

cos(180° 4+ 90°) - 2
sin(180° + 90°) - 2
0
0
0
1

128 Robotics I: Introduction to Robotics | Exercise 02

sin(180° + 90°)
—cos(180° + 90°
0

0
0
0

) o)
~1

1.
0/
0



Exercise 3.3: Velocity of the End Effector (2,2) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

qz - (180, 2,15)T,p2 — (_1,_1, 0)

v3 = J(q2) - P2

EIEA
SRR

&
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Exercise 3.3: Velocity of the End Effector (2,2) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

qz - (180, 2,15)T,p2 — (_1,_1, 0)

v3 = J(q2) - D2
L L
0 0 0
\{ o o/ \%/

&
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Exercise 3.3: Velocity of the End Effector (2,3) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (180,2,15)",p; = (2,—1,2)

v, =J(q2) - P3

&
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Exercise 3.3: Velocity of the End Effector (2,3) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (180,2,15)",p; = (2,—1,2)

v, =J(q2) - P3

(20 o),
SRR

&
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Exercise 3.3: Velocity of the End Effector (2,3) S!(IT

Karlsruhe Institute of Technology

@ Determine the end effector velocity resulting from the following combination
of the crane configuration q and the joint velocity p.

q, = (180,2,15)",p; = (2,—1,2)

v, =J(q2) - P3

L

o0 o) o

&
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